Finiteness of logarithmic crystalline representations II by Krishnamoorthy, Raju et al.
ar
X
iv
:2
00
9.
00
07
4v
1 
 [m
ath
.A
G]
  3
1 A
ug
 20
20
FINITENESS OF LOGARITHMIC CRYSTALLINE REPRESENTATIONS II
RAJU KRISHNAMOORTHY, JINBANG YANG, AND KANG ZUO
Abstract. Let K be an unramified p-adic local field and let W be the ring of integers of K. Let (X, S)/W
be a smooth proper scheme together with a simple normal crossings divisor and fix positive integers r and
f . We show that the set of absolutely irreducible representations pi1(XK¯)→ GLr(Zpf ) that come from log
crystalline Zpf -local systems over (XK , SK) of rank r is finite. The proof uses p-adic nonabelian Hodge
theory and a finiteness result due Abe/Lafforgue.
1. Introduction
To state our main theorem, the following setup will be convenient.
Setup 1.1. Let r and f be positive integers. Let p be an odd prime and let k be a finite field containing
Fpf . Set W := W (k) to be the ring of Witt vectors of k and K := Frac(W ). Let (X,S)/W be a smooth
projective scheme together with a relative simple normal crossings divisor over W . Set U := X\S. Let x be
a K¯ point of U . For a positive integer n ≥ 1 and a scheme T overW , the notation Tn refers to the reduction
of T modulo pn.
The following is our main result, in which the base point is suppressed.
Theorem 1.2. Notation as in Setup 1.1. Then the following setρ : πet1 (UK)→ GLr(Zpf )
∣∣∣∣∣∣
ρ is log crystalline
with HT weights in [a, a+ p− 1] for some a ∈ Z
and ρgeo : πe´t1 (UK¯)→ GLr(Qpf ) absolutely irreducible.

/
ρ1 ∼ ρ2 if
ρ1|pie´t
1
(UK¯)
∼= ρ2|pie´t
1
(UK¯)
is finite.
Note that ρ1 ∼ ρ2 in Theorem 1.2 if and only if there exists a character χ : Gal(K¯/K) → Z
×
pf
such that
ρ1 ∼= ρ2 ⊗ χ because ρ1 and ρ2 are assumed to be geometrically absolutely irreducible.
Crystalline representations are a p-adic analog of polarized variations of Hodge structures. Therefore
Theorem 1.2 is an arithmetic analog of a theorem of Deligne [Del87]. See also the very recent work of Litt
for a finiteness result in a different spirit [Lit18].
2. Preliminaries
First of all, we reduce Theorem 1.2 to the case of curves.
Lemma 2.1. Notation as in Setup 1.1. Then there exists a smooth projective relative curve C ⊂ X over
W that intersects S transversely, with the property that π1(CK ∩UK)→ π1(UK) is surjective. Therefore, to
prove Theorem 1.2, it suffices to consider the case when X/W has relative dimension 1.
Proof. We claim that there exists a smooth ample relative divisor D ⊂ X over W that intersects S trans-
versely. Indeed, pick some ample line bundle L onX ; then for allm≫ 0, the mapH0(X,Lm)→ H0(X1, Lm1 )
is surjective. On the other hand, for m≫ 0, the vector space H0(X1, Lm1 ) has a section s1 whose zero locus
V (s1) is smooth and intersects S1 transversely by Poonen’s Bertini theorem [Poo04, Theorem 1.3]. Take any
lift s ∈ H0(X,Lm) of s1; then the zero locus V (s) is smooth overW and intersects S transversely. Finally, it
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is well known that the map on fundamental groups π1(DK ∩UK)→ π1(UK) is surjective because DK ⊂ XK
is ample and DK intersects SK transversely. Proceed by induction.
Now, as π1(CK ∩UK)→ π1(UK) is surjective, it follows that to prove Theorem 1.2, it suffices to prove it
for the pair (C, S ∩ C), i.e., we may reduce to the case of curves. 
To a logarithmic crystalline representation ρ : π1(UK) → GLr(Zpf ), we may attach an overconvergent
F -isocrystal.1 We now show that a logarithmic crystalline representation being irreducible implies that the
attached overconvergent F -isocrystal is also irreducible. While this is not strictly useful for the rest of the
article, it seems to be of independent interest.
Lemma 2.2. Notation as in Setup 1.1. Let ρ : π1(UK) → GLr(Zpf ) be a crystalline representation with
associated logarithmic Fontaine-Faltings module (V,∇,Fil, ϕ, ι).
If ρQ is irreducible then the overconvergent F -isocrystal (V,∇, ϕ, ι)Q in F-Isoc
†(U1)Q
pf
is irreducible.
Proof. First of all, it follows from [Ked07, Theorem 6.4.5] that it suffices to check that (V,∇, ϕ, ι)Q is
irreducible in F-Isocnilplog (X1, S1)Qpf . Our proof will proceed by contradiction.
Let Φ be a local lifting of the absolute Frobenius on (X1, S1). For the logarithmic Fontaine-Faltings
module, locally the ϕ-structure can be represented as an isomorphism
ϕ : Φ∗ ˜(V,∇,Fil) ≃−→ (V,∇),
where (˜·) is Faltings’ tilde functor. In the case when V is p-torsion free, one may describe this as follows:
˜(V,∇,Fil) =
∑
i
Fili(V,∇)
pi
⊂ (V,∇,Fil)Q.
That ϕ is an isomorphism encodes the strong divisibility in the definition of a Fontaine-Faltings module.
After shifting the filtration, we assume Fil0V = V . In this case, (V,∇) ⊂ ˜(V,∇,Fil). and ϕ can be restricted
on Φ∗(V,∇),
ϕ : Φ∗(V,∇)→ (V,∇).
This yields the underlying logarithmic F -crystal.
Suppose the F -isocrystal (V,∇, ϕ, ι)Q is not irreducible in F-Isoc
nilp
log (X,S)Qpf . Let (V
′,∇′, ϕ′, ι′) be a
proper sub F -isocrystal of (V,∇, ϕ, ι)Q in F-Isoc
nilp
log (X,S)Qpf . In particular, V
′ is stable under the Qpf -
action, the connection ∇, and ϕ. There is a natural choice of lattice:
V ′ = V ′ ∩ V
Then the restriction of ϕ induces a map
(2.2.1) ϕ′ : Φ∗(V ′,∇′)→ (V ′,∇′),
since ϕ(Φ∗((V ′,∇′))) ⊂ ϕ(Φ∗((V ′,∇′)) ∩ ϕ(Φ∗((V,∇))) ⊂ (V ′,∇′) ∩ (V,∇) = (V ′,∇′). Denote Fil′ the
restriction of Fil on V ′. The endomorphism structure clearly restricts on the quadruple (V ′,∇′,Fil′, ϕ′).
In the following, we show that (V ′,∇′,Fil′, ϕ′) forms a sub-Fontaine-Faltings module of (V,∇,Fil, ϕ). As
the triple (V ′,∇′, ϕ′) is a logarithmic F -crystal in finite, locally free modules, we must check that the pair
(Fil′, ϕ′) is strongly divisible, i.e., that the isogeny ϕ : Φ∗(V ′,∇′)→ (V ′,∇′) extends to an isomorphism
Φ∗ ˜(V ′,∇′,Fil′)→ (V ′,∇′)
Denote
(V ′′,∇′′,Fil′′) := (V,∇,Fil)/(V ′,∇′,Fil′).
1For details, see [KYZ20b, Section 2].
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We constructed the embedding (V ′,∇′,Fil′) →֒ (V,∇,Fil) to be saturated and strict with respect to the
filtrations. Therefore the triple (V ′′,∇′′,Fil′′) is a filtered logarithmic de Rham bundle.
Applying Faltings’ tilde functor, one has short exact sequence
0→ V˜ ′ −→ V˜ −→ V˜ ′′ → 0.
Locally, one has the following commutative diagram
0 // Φ∗V˜ ′ //
ϕ′

Φ∗V˜ //
∼= ϕ

Φ∗V˜ ′′ //
∃ϕ′′

0
0 // V ′ // V // V ′′ // 0
where ϕ′ (by abusing notation as in (2.2.1)) is the restriction of ϕ on Φ∗V˜ ′, which extends the ϕ′ in (2.2.1).
The image ϕ′(Φ∗V˜ ′) is contained in V ′, because
ϕ(Φ∗(V˜ ′)) ⊂ ϕ(Φ∗(V ′) ∩ ϕ(Φ∗(V˜ )) ⊂ V ′ ∩ V = V ′.
Since ϕ is surjective, ϕ′′ is also surjective. On the other hand Φ∗V˜ ′′ and V ′′ are bundles with the same rank,
so ϕ′′ is actually an isomorphism. By the snake lemma ϕ′ is also an isomorphism. This proves the strong
divisibility, as desired.
By the Fontaine-Lafaille-Faltings correspondence, to (V ′,∇′,Fil′, ϕ′, ι′) one may attach a (log crystalline)
subrepresentation ρ′ of ρ of strictly smaller rank [Fal89, Theorem 2.6* (i)]. It follows that ρQ is not irreducible,
contradicting our hypothesis. 
The following is a version of Lemma 2.2 with the stronger hypothesis that ρQ is geometrically absolutely
irreducible. With these assumptions, we show something much stronger than the conclusion of Lemma 2.2.
This will be essential in the proof of Theorem 1.2.
Lemma 2.3. Notation as in Setup 1.1 and suppose X/W is a curve. Let ρ : π1(UK) → GLr(Zpf ) be a
logarithmic crystalline representation such that ρQ is geometrically absolutely irreducible. Let (V,∇,Fil,Φ, ι)
be the associated logarithmic Fontaine-Faltings module with endomorphism structure ι. Let (V,∇)(0) be the
identity eigenspace of the ι-action. Then the following holds.
(1) The logarithmic de Rham bundle (V,∇)
(0)
Qunrp
on (X,S)Qunrp admits no proper de Rham subbundle.
(2) the object (V,∇,Φ, ι)Q ∈ F-Isoc
†(Uk)Q
pf
is absolutely irreducible.
Proof. We first prove the first statement. Fist of all, (V,∇)
(0)
K is a semistable de Rham bundle of degree 0.
Suppose for contradiction that there is a logarithmic de Rham subbundle (V ′,∇′)K′ of (V,∇)K′ for some
finite unramified extension K ′/K. Set O′ to be the ring of integers and k′ to be the residue field. Then
(V ′,∇′)K′ automatically has nilpotent residues and hence also has degree 0 and is therefore semistable.
We claim that we may find a logarithmic de Rham subbundle (W,∇) of (V,∇)
(0)
O′ over (X,S)O′ such that
(W,∇)K′ ∼= (V
′,∇′)K′ and (W,∇)k′ is semistable of degree 0. First of all, there is clearly an extension to a
torsion-free logarithmic de Rham subsheaf (W,∇). By [KYZ20c, Section 6], the degree of Wk′ is 0; therefore
(W,∇)k′ is a degree 0 logarithmic de Rham subsheaf of (V,∇)k′ . Note that (W,∇)k′ ⊂ (V,∇)
(0)
k′ ; as the
latter is semistable of degree 0, it follows that the inclusion (W,∇)k′ ⊂ (V,∇)
(0)
k′ is saturated and hence is
a de Rham subbundle.2 As both de Rham bundles have degree 0 and (V,∇)k′ is semistable, it follows that
(W,∇)k′ is semistable.
Let HDF be the (logarithmic) Higgs-de Rham flow attached to ρ. Run the Higgs-de Rham flow over
X with initial term (W,∇), where the Hodge filtrations are chosen to be the restrictions of Fil on V . One
2Note that because Xk is a smooth curve, any torsion-free sheaf is automatically a vector bundle.
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obtains a sub Higgs-de Rham flow HDF ′ of HDF . In general, this sub Higgs-de Rham is not preperiodic.
Nonetheless, we claim that HDF ′ is preperiodic over each truncated level Wm(k′). This holds because
(V,∇)Wm(k′) has only finitely many subbundles of degree 0 for each m.
Note that because there are only finitely many (isomorphism classes of) Higgs terms in HDF by the
periodicity. Therefore we may inductively shift the index of HDF ′, to find a sequence of sub Higgs-de Rham
flows HDF ′Wm(k′) ⊂ HDFWm(k′) which are periodic with periodicity fm, and satisfying HDF
′
Wm+1(k′) ≡
HDF ′Wm(k′) (mod p
m) and fm | fm+1.
To each of these truncated periodic Higgs-de Rham flows, there is an associated torsion logarithmic
crystalline representation
ρ′m : π1(UQunrp )→ GLs(Wm(k)).
Recall that ÔQunrp , the p-adic completion of OQunrp , is equal to W (k). Taking the inverse limit over m, one
obtains a sub-representation
ρ′ : π1(UQunrp )→ GLs(ÔQunrp )
of ρ : π1(UQunrp )→ GLr(ÔQunrp ). We claim this is in contradiction with the fact that ρ⊗Qp is geometrically
absolutely irreducible. Indeed,ρ′ |pi1(UK¯) ⊗Cp is a non-trivial sub-representation of ρ |pi1(UK¯) ⊗Cp; on the
other hand, the fact that ρ |pi1(UK¯) ⊗Qp is irreducible implies that ρ |pi1(UK¯) ⊗Cp is also irreducible. 
We come to the following crucial definition.
Definition 2.4. Notation as in Setup 1.1. Let (V ,∇, ϕ, ι) be an object of F-Isocnilplog (X1, S1)Qpf . An extension
of (V ,∇, ϕ, ι) is an logarithmic F -crystal in finite, locally free modules (V,∇, ϕ, ι) with Zpf -structure such
that (V,∇, ϕ, ι)Qp
∼= (V ,∇, ϕ, ι). An extension (V,∇, ϕ, ι) is said to be semistable if the logarithmic flat
connection (V,∇)1 on (X1, S1) is semistable.
Recall that a rank-1 F -crystal over k with Zpf -structure is a pair (L,ϕ) where L is a finite freeW ⊗ZpZpf -
module and ϕ : L→ L is an injective σ⊗1-semilinear map where σ : W →W is the canonical lift of Frobenius.
For any element r ∈
(
K ⊗Qp Qpf
)×
∩(W⊗ZpZpf ), we denote Lr =W⊗ZpZpf ·e with ϕLr (e) = re. Conversely,
for any rank-1 F -crystal over W with Zpf -structure is isomorphic to some Lr.
By tensoring Qp, one gets an rank-1 F -isocrystal Lr = Lr ⊗Zp Qp over k with Qpf -structure.
Let (V,∇, ϕ, ι) be a logarithmic F -crystal in finite, locally free modules over (X1, S1) with Zpf -structure.
Locally one can view ϕ as a Φ⊗1-semilinear map of the OX⊗Zpf -modules. We define the twist of (V,∇, ϕ, ι)
by Lr to be: (V,∇, ϕ, ι) ⊗ Lr = (V,∇, r · ϕ, ι).
Remark 2.5. Twisting by a constant rank 1 object does not change the underlying de Rham bundle.
Lemma 2.6. Let (V ,∇, ϕ, ι) be an object of F-Isocnilplog (X1, S1)Qpf . Let L be a rank-1 F -crystal over k with
Zpf -structure and let L = L⊗Zp Qp. Denote ϕ
′ = ϕ⊗ ϕL. Then tensoring L induces an injection
{extension of (V ,∇, ϕ, ι)} → {extension of (V ,∇, ϕ′, ι)}
Proof. Since an extension of an F -isocrystal is uniquely determined by the extension of the underlying de
Rham bundle and twisting a constant rank-1 object doesn’t change the underlying de Rham bundle, the
map is injective. 
Lemma 2.7. Notation as in Setup 1.1, and suppose X/W is a curve. Let (V ,∇, ϕ, ι) be an irreducible object
of F-Isoc
nilp
log (X1, S1)Qpf . Then there exists only finitely many isomorphism classes of semistable extensions
(V,∇, ϕ, ι) of (V ,∇, ϕ, ι).
Proof. Assume there are infinitely many isomorphism classes of semistable extensions, choose a representative
from each isomorphism class, and enumerate them as follows {Ti = (V,∇, ϕ, ι)i | i ∈ I}. We will construct
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an infinite descending chain Ti0 ⊃ Ti1 ⊃ Ti2 . . . such that the intersection yields a proper logarithmic
sub-F -isocrystal, contradicting out original assumption.
Fix one element i0 ∈ I, and set I0 = I and J0 = I0−{i0}. By assumption, we may embed each (V,∇, ϕ, ι)
as a lattice in (V ,∇, ϕ, ι). By multiplying by a suitable power of p on each Ti, for i ∈ J0, we may assume
that
Ti ⊂ Ti0 and Ti 6⊂ pTi0 .
This is equivalent to saying that the image of Vi in Vi0/pVi0 is a proper submodule. In fact, we claim that
the image, namely (Vi + pVi0 )/pVi0 , together with the induced logarithmic flat connection, is a semistable
logarithmic de Rham bundle on (X1, S1). Indeed, both Vi0/pVi0 and Vi/pVi admit semistable flat connections
of degree zero. Therefore the image (Vi+pVi0)/pTi0 has degree 0 and hence, when equipped with the induced
connection, is semistable. Finally, we claim that (Vi + pVi0)/pVi0 is a subbundle of Vi0/pVi0 (as opposed to
merely a subsheaf). If not, the saturation would be a subbundle; but any non-trivial saturation increases
the degree. As (Vi + pVi0 )/pVi0 with the induced flat connection is semi-stable, so is the saturation; this
contradicts semistability of Vi0/pVi0 .
Consider the map
f0 : J0 // Σ0 := { proper sub bundles of Vi0/p · Vi0 of degree 0}
i
✤ //
(
Vi + pVi0
)
/pVi0
The initial set is infinite by assumption. On the other hand, the terminal set is finite; indeed, this follows
because the set all subbundles with fixed degree of a given bundle forms a bounded family and our base field
is finite.
Thus there exists a submoduleM0 of Vi0/pVi0 such that I1 := f
−1
0 (M0) is infinite. For any fixed i ∈ I1, the
submodule Vi + pVi0 is the inverse image of M0 under surjective map Vi0 → Vi0/pVi0 ; hence, the submodule
Vi+pVi0 does not depend on the choice of i ∈ I1. We further claim that for each i ∈ I0, the module Vi+pVi0
together with the induced logarithmic flat connection, Frobenius structure, and endomorphism structure,
yields a semistable extension of (V ,∇, ϕ, ι). This follows from the fact that Vi/pVi and V0/pV0, equipped
with their flat connections, are semistable de Rham bundles of degree 0. Thus there exists i1 ∈ I1 such that
Ti1 = Ti + pTi0 for all i ∈ I1.
Denote J1 = I1 \ {i1}. Then for all i ∈ J1 one has
Ti ( Ti1 ( Ti0 and Ti 6⊂ pTi1 .
Repeating the process, one can find a sequence of extensions
· · · ( Ti3 ( Ti2 ( Ti1 ( Ti0
satisfying Tim 6⊂ pTin for all m,n ≥ 0.
Denote T∞ = ∩∞k=0Tik . In the following we show that (T∞)Qp is a proper logarithmic sub F -isocrystal of
(V ,∇, ϕ, ι). Thus we get a contradiction with the irreducibility of (V ,∇, ϕ, ι) ∈ F-Isocnilplog (X1, S1)Qpf .
Locally, we may assume Tik are free modules of the same rank r over a regular local ring R satisfying
· · · ( Ti3 ( Ti2 ( Ti1 ( Ti0 .
Since T∞ = ∩∞k=0Tik is torsion-free and finitely generated over R, we may choose a free sub R-module of
T ′∞ ⊆ T∞ with maximal rank r∞ ≤ r. We only need to show
T∞ 6= 0 and r∞ 6= r.
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We first show that T∞ 6= 0. For a given positive integer n, consider the descending sequence((
Tik + p
nTi0
)
/pnTi0
)
k
.
We claim the sequence stabilizes for k ≫ 0. Each term is contained in Ti0/p
nTi0 . Let’s consider the index
between Ti0 and p
nTi0 , which has only p-primary part and is finite. Thus the increasing sequence of the index
[Ti0 : Tik+p
nTi0 ] with upper bound [Ti0 : p
nTi0 ] is stable. This implies [Ti0 : Tik+p
nTi0 ] = [Ti0 : Tik+1+p
nTi0 ]
for sufficiently large k, So Tik + p
nTi0 = Tik+1 + p
nTi0 for k ≫ 0. Denote
T
(n)
0 :=
∞⋂
k=0
(
Tik + p
nT0
)
/pnT0 =
(
TN + p
nT0
)
/pnT0 6= 0, for N >> 0.
Thus one has an surjective inverse system
· · ·։ T
(3)
0 ։ T
(2)
0 ։ T
(0)
0 ։ T
(0)
0
whose inverse limit lim
←−
n
T
(n)
0 is non-empty. By the left exactness of inverse limits, the inclusion maps(
T
(n)
0 ⊂
(
Tik + p
nT0
)
/pnT0
)
n
induce an injective map
lim
←−
n
T
(n)
0 →֒ lim←−
n
(
Tik + p
nT0
)
/pnT0 = Tik .
Thus lim
←−
n
T
(n)
0 ⊂ T∞ =
⋂
k Tik . This implies that T∞ 6= 0. The fact that T∞ 6= 0 immediately implies that
T∞ yields a logarithmic F -crystal in finite modules on (X1, S1).
We now show that r∞ 6= r. By e´tale localization, we reduce to the following setup in linear algebra.
Let A = W < x > be the p-adic completion of a polynomial ring in a single variable over W , and let
M0 ) M1 ) . . . be an infinite nested collection of finite free modules of fixed rank r, that is strictly
decreasing and such that Mj 6⊂ pMk for j, k ≥ 0. Set M∞ := ∩∞j=0Mj . We wish to prove that M∞ has
rank smaller than r; equivalently, that it does not contain a lattice L∞ in M0⊗Frac(A). If it did, then M∞
would have finite, p-primary index in M0. However, the index of Mj in M0 gets arbitrarily large; indeed, if
[Mj :Mk] = 1, then Mj =Mk. As index is multiplicative, we obtain a contradiction. 
Lemma 2.8. Notation as in Setup 1.1. Let (V ,∇, ϕ, ι) be an irreducible object of F-Isocnilplog (X1, S1)Qpf .
Let (V,∇, ϕ, ι) be an extension (V ,∇, ϕ, ι). Then there exists only finitely many Hodge filtrations Fil1 on
(V,∇, ι)1 := (V,∇, ι) (mod p) with Fil
0
1V1 = V1 and Fil
p
1V1 = 0 such that there exists ϕ1 rendering the
quintuple (V,∇,Fil, ϕ, ι)1 a logarithmic Fontaine-Faltings module with endomorphism structure over (X1, S1).
Proof. By the Fontaine-Lafaille-Faltings correspondence [Fal89, Theorem 2.6*(i)], the category of p-torsion
logarithmic Fontaine-Faltings modules (with endomorphism structure) on (X1, S1) is equivalent to the cat-
egory of logarithmic crystalline representations of πe´t1 (UK) with coefficients in Fpf . The e´tale fundamental
group πe´t1 (UK) is topologically finitely generated. Therefore the set of isomorphism classes of GLr(Fpf ) rep-
resentations of πe´t1 (UK) is finite. In particular, there are only finitely many isomorphism classes of crystalline
GLr(Fpf ) representations. Forgetting the ϕ-structure, it follows that the set of isomorphism classes of de
Rham bundles (with endomorphism structure) which underlie a Fontaine-Faltings module (with endomor-
phism structure) over (X1, S1) is also finite.
Suppose there are infinitely many distinct Hodge filtrations Fil
(i)
1 (i = 1, 2, · · · ) on (V,∇, ι)1 such that for
each i, there exists ϕ(i) rendering the quintuple (V,∇,Fil, ϕ, ι)1 a Fontaine-Faltings module. By the pigeon-
hole principle, there are infinitely i such that there exists a log Fontaine-Faltings module (V,∇,Fil(i), ϕ(i), ι)1
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whose isomorphism class is independent of i. In particular, one deduces Aut(V1) is a infinite set. But this
contradicts the finiteness of Aut(M) for any vector bundle M over X1, as our base field is finite.

Lemma 2.9. Notation as in 1.1. Let (V ,∇, ϕ, ι) be an irreducible object of F-Isocnilplog (X1, S1)Qpf . Let
(V,∇, ϕ, ι) be an extension (V ,∇, ϕ, ι). Let Fil1 be a Hodge filtration on (V,∇, ι)1 := (V,∇, ι) (mod p) with
Fil01V1 = V1 and Fil
p
1V1 = 0 such that there exists ϕ1 rendering the quintuple (V,∇,Fil, ϕ, ι)1 a logarithmic
Fontaine-Faltings module with endomorphism structure over X1. Assume there exists two liftings Fil and
Fil′ of the Hodge filtration Fil1.
Then there exists an automorphism f : (V,∇, ι)→ (V,∇, ι) such that
Fil = f∗(Fil′).
In other words, one has an isomorphism f : (V,∇,Fil, ι)→ (V,∇,Fil′, ι)
Proof. The Hodge-de Rham spectral sequence associated to (V,∇,Fil, ϕ, ι)1 degenerates at E1 [KYZ20a,
Lemma 6.1]. Then this follows from [KYZ20a, Theorem 1.6(2)]3. 
3. The Proof
The proof of the main theorem of this article is diagrammatically sketched below; the definition of the
various terms will follow. Here is a two sentence summary of the proof. The Langlands correspondence
implies that MFtwistF-Isoc is finite. By following the diagram, it follows that Rep
irr.crys
GLr(Zpf )
(Γ, Γ¯) is finite.
Repirr.crysGLr(Zpf )
(Γ) oo
D
1:1
∞:1
restriction

MFFF // //
∞:1

Lemma 2.2
'' ''
MFF-Cris
∞:1

Lemma 2.7
n:1 // // MFF-isoc
∞:1

MFtwistF-Cris n:1
Lemma 3.1 // //
Remark 2.5

MFtwistF-Isoc
MFFdR
Gr

Lemma 2.8,2.9
n:1 // // MFdR
Repirr.crysGLr(Zpf )
(Γ, Γ¯) oooo
Faltings’ p-adic
Simpson corr.
MFHiggs
We explain all of the terms in the above diagram.
• Γ = πe´t1 (UK , x) and Γ¯ = π
e´t
1 (UK¯ , x).
• Repirr.crysGLr(Zpf )
(Γ) is the set of isomorphism classes of logarithmic crystalline representations ρ : Γ →
GLr(Zpf ) whose Hodge Tate weights are located in [0, p − 1] such that ρQ : Γ → GLr(Qpf ) is geo-
metrically absolutely irreducible.
3While [KYZ20a, Theorem 1.6(2)] is written for vector bundles with a (logarithmic) flat connection, it easily generalizes to
the case with endomorphism structure
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• Repirr.crysGLr(Zpf )
(Γ, Γ¯) is the set of isomorphism classes of representations of Γ¯ that come from Repirr.crysGLr(Zpf )
(Γ)
under the restriction map induced by the natural embedding map Γ¯ →֒ Γ. Thus one has a surjective
map
Repirr.crysGLr(Zpf )
(Γ)։ Repirr.crysGLr(Zpf )
(Γ, Γ¯).
• MFFF is the set of isomorphism classes of logarithmic Fontaine-Faltings module (V,∇,Fil, ϕ) with
endomorphism structure ι : Zpf →֒ End(V,∇,Fil, ϕ) associated to representations in Rep
irr.crys
GLr(Zpf )
(Γ)
via [Fal89]. Thus one has an bijection
Repirr.crysGLr(Zpf )
(Γ)
1:1
−−→ MFFF.
• MFFdR is the image of MFFF under the map that sends an isomorphism class of a logarithmic
Fontaine-Faltings module [(V,∇,Fil, ϕ, ι)] to the isomorphism class of the quadruple (V,∇,Fil, ι) in
the additive category of filtered de Rham bundles equipped with a Zpf -endomorphism structure.
Thus one has a surjective map
MFFF ։ MFFdR.
• MFF-Cris is the image of MFFF under the map that sends an isomorphism class of a logarithmic
Fontaine-Faltings module to the isomorphism class of the underlying logarithmic F -crystal in lo-
cally free modules with endomorphism structure: [(V,∇,Fil, ϕ, ι)] 7→ [(V,∇, ϕ, ι)]. Thus one has a
surjective map
MFFF ։ MFF-Cris.
• MFtwistF-Cris is the set of equivalence classes of the set MFF-Cris modulo the equivalence relations
defined by twisting a by constant rank 1 Fontaine-Faltings modules (with endomorphism structure).
• MFdR is the image of MFF-Cris under the map that sends an isomorphism class of a logarithmic F -
crystal to the isomorphism class of the underlying logarithmic de Rham bundle with endomorphism
structure: [(V,∇, ϕ, ι)] 7→ [(V,∇, ι)]. Thus one has surjective maps
MFFdR ։ MFdR և MFF-Cris.
By Remark 2.5 the second surjective map factors through MFtwistF-Cris.
• MFHiggs is the image of MFFdR under the map that sends an isomorphism class of filtered de Rham
bundle with endomorphism structure to the isomorphism class of the associated Higgs bundle with
endomorphism structure: [(V,∇,Fil, ι)] 7→ [Gr(V,∇,Fil, ι)]. Thus one has a surjective map
MFFdR ։ MFHiggs.
• MFF-isoc is the image of MFFF under the map that sends an isomorphism classs of a logarithmic
Fontaine-Faltings module to the isomorphism class of the associated overconvergent F -isocrystal and
multiplication by Qpf , i.e., the isomorphism class of an object of F-Isoc
†(U1)Q
pf
.
• MFtwistF-Isoc is the set of equivalence classes of the set MFF-isoc modulo the equivalence relations defined
by twisting a constant rank-1 F -isocrystal.
Every constant rank 1 F -isocrystal comes from a constant rank 1 Fontaine-Faltings module. Therefore the
natural map MFtwistF-Cris → MF
twist
F-Isoc is surjective.
If the reader is uncomfortable with carrying around the endomorphism structure ι, we introduce the
following notation: if (V,∇,Fil, ϕ, ι) is a logarithmic Fontaine-Faltings modules, then (V,∇,Fil)(0) denotes
the identity eigenspace of the action of ι on (V,∇,Fil), i.e., for any v ∈ V ,
v ∈ V (0) iff ι(r)v = rv for all r ∈ Zpf .
One may replace all objects above with the identity eigenspaces of ι (together with ϕf , if ϕ shows up). This
will yield equivalent categories because Fpf ⊂ k and hence Zpf ⊂W (k).
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We have one final preliminary result, using the above notation.
Lemma 3.1. The map
MFtwist
F-Cris
։ MFtwist
F-Isoc
is finite-to-one.
Proof. Fix an object E = (V ,∇, ϕ, ι) in MFF-isoc. Recall that any twisting of E by a constant rank-1
F -isocrystal is of the form Eλ = (V ,∇, λϕ, ι) for some λ ∈ (K ⊗ Qpf )×. Let V =
⊕f−1
i=0 Vi be the eigen
decomposition of ι : Qp → End(V ,∇, ϕ). Then the semi-linear map ϕ can be decomposed as semi-linear
maps
ϕi : Vi → Vi+1 for i = 0, · · · , f − 2 and ϕf−1 : Vf−1 → V0.
Analogously, for any λ = (λi) ∈ (K ⊗Qpf )× =
∏f−1
i=0 K
×, the isogeny λ · ϕ decomposes as
λiϕi : Vi → Vi+1 for i = 0, · · · , f − 2 and λf−1ϕf−1 : Vf−1 → V0.
We denote
vp(λ) :=
1
f
f−1∑
i=0
vp(λi) ∈
1
f
Z.
Set
Tλ :=
{
T ∈MFF-Cris | T ⊗Zp Qp ≃ Eλ
}
,
i.e., the set of F -crystals in finite, locally free modules which underlie (V ,∇, ϕ, ι) up to isomorphism. This
is a finite set by Lemma 2.7 for the following reason: if (V,∇, ϕ, ι) comes from a Fontaine-Faltings module,
then V is automatically semistable.4 Under this notation, The lemma is claims that the following set⋃
λ
Tλ
/
∼
is finite, where the equivalence relation “∼” is given as follows: (V,∇, ϕ, ι) ∼ (V ′,∇′, ϕ′, ι′) if and only if they
are twists by a constant, rank 1 Fontaine-Faltings module (with endomorphism structure). The finiteness
will then follow from the following two claims:
Claim 1. Tλ = ∅, if vp(λ) > p− 1 or vp(λ) < 1− p.
Claim 2. Tλ = Tλ′ in MF
twist
F-Cris, if vp(λ) = vp(λ
′).
Let (V,∇,Fil, ϕ, ι) ∈MFFF be an object mapping to E . By strong divisibility, one has
pp−1V0 ⊂ 〈ϕf−1(Vf−1)〉 ⊂ V0 and p
p−1Vi+1 ⊂ 〈ϕi(Vi)〉 ⊂ Vi+1 for i = 0, 1 · · · , f − 2.
Considering the composition, one gets
p(p−1)fV0 ⊂ 〈ϕf−1 ◦ · · · ◦ ϕ0(V0)〉 ⊂ V0.
Choose a basis of V0 and write ϕf−1 ◦ · · · ◦ ϕ0 in terms of this basis. Then the p-adic valuation of the
determinant of this matrix is well-defined; one has
(3.1.1) 0 ≤ vp
(
det(ϕf−1 ◦ · · · ◦ ϕ0)
)
≤ (p− 1)f · rank(V0).
Suppose Tλ 6= ∅ for some λ = (λi) ∈ (K ⊗ Qpf )× =
∏f−1
i=0 K
×. Then by precisely analagous reasoning, one
has
(3.1.2) 0 ≤ vp
(
det((λf−1ϕf−1) ◦ · · · ◦ (λ0ϕ0))
)
≤ (p− 1)f · rank(V0)
4One way of seeing this is that a strict p-torsion Fontaine-Faltings module corresponds to a periodic Higgs-de Rham flow.
The Higgs bundles in the flow are all semistable by [LSZ19, Proposition 6.3]. Because C−1 preserves semistability, this implies
that (V,∇) is semistable.
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Since vp
(
det((λf−1ϕf−1) ◦ · · · ◦ (λ0ϕ0))
)
= vp(λ) · f · rank(V0) + vp
(
det(ϕf−1 ◦ · · · ◦ ϕ0)
)
, by (3.1.1) and
(3.1.2), one has
1− p ≤ vp(λ) ≤ p− 1.
Thus the Claim 1 follows.
We now show Claim 2. By replacing ϕ with λ′ϕ, one may reduce the claim to case λ′ = 1; in this setting, as
vp(λ) = vp(λ
′), it follows that vp(λ) = 0. Denote ni = vp(λi), ci = λi/p
ni ∈ W× andmi = n1+n2+· · ·+ni−1
for all i = 0, 1, · · · , f − 1. Consider the following map
F1,λ : T1 → Tλ
which maps (⊕iVi,⊕i∇i,⊕iϕi, ι) to (⊕ipmiVi,⊕i∇i,⊕iλiϕi, ι). The Claim 2 is reduced to showing that this
map
(1) is well-defined;
(2) is bijective and
(3) preserves the twisted classes.
We first show it is well-defined. Suppose (λi) are K
× with
∑
i=0 f − 1vp(λi) = 0. Set ni, ci, and mi as
above. Suppose Fili is a Hodge filtration on (Vi,∇i) such that (⊕iVi,⊕i∇i,⊕iFili,⊕iϕi, ι) forms an object in
MFFF. Then (⊕ipmiVi,⊕i∇i,⊕iFili,⊕iλiϕi, ι) is also contained in MFFF, because the pair (⊕iFili,⊕iλiϕi)
also satisfies strong divisibility on ⊕ipmiVi:
(λiϕi)(p
mi V˜i) = λip
miϕi(V˜i) = λip
miVi+1 = p
mi+1Vi+1
and
(λf−1ϕf−1)(p
mf−1 V˜f−1) = λf−1p
mf−1ϕf−1(V˜f−1) = λf−1p
mf−1V0 = p
m0V0,
in the last equality we used the fact that nf−1 +mf−1 = f · vp(λ) = 0 = m0. Thus F1,λ is well-defined.
The map F1,λ is bijective, because one can define its inverse map Tλ → T1 in similar manner by sending
(⊕iVi,⊕i∇i,⊕iϕi, ι) to (⊕ip−miVi,⊕i∇i,⊕iλ
−1
i ϕi, ι).
Now we only need to show (⊕iVi,⊕i∇i,⊕iϕi, ι) and (⊕ip
miVi,⊕i∇i,⊕iλiϕi, ι) differ by twisting a rank
1 Fontaine-Faltings module. By the commutativity of following diagram
V0
pm0 ·id



// V˜0
pm0 ·id

≃
ϕ0
// V1
pm1 ·id



// V˜1
pm1 ·id

≃
ϕ1
// V2
pm2 ·id

Vf−1
p
mf−1 ·id



// V˜f−1
p
mf−1 ·id

≃
ϕf−1
tt
pm0V0


// pm0 V˜0
≃
pn0 ·ϕ0
// pm1V1


// pm1 V˜1
≃
pn1 ·ϕ1
// pm2V2 p
mf−1Vf−1


// pmf−1 V˜f−1
≃
p
nf−1 ·ϕf−1
jj
one gets an isomorphism ⊕i(p
mi id) : (⊕iVi,⊕i∇i,⊕iϕi, ι) → (⊕ip
miVi,⊕i∇i,⊕ip
niϕi, ι). We consider the
rank-1 Fontaine-Faltings module with endomorphism structure
L =
( f⊕
i=0
W · ei,Filtri, φ, ι
)
where φ(
∑
i aiei) = c0a
σ
0e1+· · ·+cf−2a
σ
f−2ef−1+cf−1a
σ
f−1e0. Since vp(ci) = 0 for all i = 0, 1, · · · , f−1, this is
a well-defined constant Fontaine-Faltings module. Then consider the twisting of (⊕ipmiVi,⊕i∇i,⊕ipniϕi, ι)
by L, which is nothing just equal to (⊕ipmiVi,⊕i∇i,⊕iλiϕi, ι). Thus (⊕iVi,⊕i∇i,⊕iϕi, ι) and (⊕ipmiVi,⊕i∇i,⊕iλiϕi, ι)
are differed by twisting a rank-1 Fontaine-Faltings module. 
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Proof of Theorem 1.2. By Faltings’ definition of a crytalline representation, the Hodge-Tate weights are in an
interval of length p−1. Since Tate twisting of a crystalline representation ρ does not change the isomorphism
class of ρ |Γ¯, it suffices to prove the finiteness of setρ : πet1 (UK)→ GLr(Zpf )
∣∣∣∣∣∣
ρ is log crystalline
with HT weights in [0, p− 1] and
ρgeo : πe´t1 (UK¯)→ GLr(Qpf ) absolutely irreducible.

/
ρ1 ∼ ρ2 if ρ1|pie´t
1
(UK¯)
∼= ρ2|pie´t
1
(UK¯)
Equivalently, to prove Theorem 1.2 we will show that Repirr.crysGLr(Zpf )
(Γ, Γ¯) is finite.
Since the Faltings p-adic Simpson’s correspondence [Fal05] is compatible with his D-functor [Fal89], one
has following commutative diagram of surjective maps between sets
MFFF
(V,∇,Fil,ϕ,ι) 7→Gr
(
(V,∇,Fil,ι)
)
// //
≃ D

MFHiggs
Faltings’ p-adic Simpson correspondence

Repirr.crysGLr(Zpf )
(Γ)
restriction // // Repirr.crysGLr(Zpf )
(Γ, Γ¯)
Since the two horizontal arrows and the left vertical arrow are surjective, the right vertical arrow is also
surjective. One has a surjective composition
MFFdR ։ MFHiggs ։ Rep
irr.crys
GLr(Zpf )
(Γ, Γ¯).
To prove Theorem 1.2, we only need to show the finiteness of MFFdR.
Firstly, we claim that MFtwistF-Isoc is finite. By Lemma 2.3, all elements in MFF-isoc are of absolutely
irreducible. Then the set of equivalence classes of absolutely irreducible objects of F-Isoc†(U1)Q
pf
up to
twisting by a constant rank 1 F -isocrystal is finite by [Ked18, Corollary 2.1.5].
Secondly, we claim that MFtwistF-Cris is finite. This follows from Lemma 3.1.
Finally, the map MFFdR ։ MFdR is finite-to-one by Lemma 2.8 and Lemma 2.9. Thus MFFdR is
finite. 
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